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Abstract 

An existing finite element model has been extended 
to incorporate non-isothermal two-phase flow in naturally 
fractured rock formations. The model accounts for 
thermo-hydro-mechanical coupling as well as solubility 
of gas in oil and evaporation of oil into gas in both the 
rock matrix and fractures. Heat transport by conduction 
as well as convection has been incorporated into the 
finite element model in which the displacements, 
pressures (in the oil and gas phases), and temperature 
are the primary unknowns. The saturations and capillary 
pressures are the secondary unknowns evaluated from 
capillary-saturation-temperature relations. A parametric 
study is carried out applying the model to the problem of 
a deviated wellbore drilled under non-isothermal 
conditions in a fractured rock formation saturated with oil 
and gas. 
 
Introduction 

An increasing number of oil field developments 
require that challenges posed by high-temperature, high-
pressure (HPHT) drilling environments be addressed. 
Low drilling margins, mud ballooning, or apparent mud 
loss during circulation, and gas influx are some of the 
problems faced in such environments.1,2 Prior to the 
design of any mud program an accurate estimation of 
near-wellbore stresses is essential. This requires  
incorporating fully coupled oil and gas flow under non-
isothermal conditions into the analysis. This is because, 
the compressibilities of oil and gas differ by orders of 
magnitude. Assuming the formation to be saturated with 
a single nearly incompressible fluid would lead to an 
overestimation of near-wellbore stresses and pore 
pressure and, subsequent planning of mud programs 
with unnecessarily high mudweights. The presence of 
natural fractures acting as natural conduits for oil and 
gas flow in such formations presents an additional level 
of complexity. Further, fractures affect the 
compressibility of the rock system and thereby the 
stresses and pore pressure changes associated with 
drilling. The significant costs associated with drilling 
HPHT wells thus warrant an accurate estimation of the 
stress and pore pressure fields in the vicinity of the 

wellbore. This may be achieved only by taking into 
account fully-coupled multiphase flow along with matrix-
fracture interactions under non-isothermal conditions. 
 In this paper, existing mathematical formulations are 
extended to formulate fully coupled non-isothermal oil-
gas flow in a fractured porous media. Specifically, the 
black oil model has been extended to the limited 
compositional model to account for thermal effects. The 
volatility of the oil has been incorporated into the 
formulation. Thus, the gas phase is comprised of a gas 
and oil component; the oil phase is comprises of an oil 
component and a dissolved gas component. In addition, 
the viscosities of the oil and gas phases, formation 
volume factors for oil and gas, gas-oil solubility ratio, oil 
volatility ratio and the saturations are assumed to be 
dependent on the temperature. The fluid and solid 
domains are represented by two distinct overlapping 
continua within the framework of the dual-porosity 
concept. A single thermodynamic continuum is assumed 
to be representative of the fractured porous medium. 
The finite element method is employed to solve the 
nonlinear set of differential equations, wherein the 
displacements, pressures (in the oil and gas phases),  
and temperature are the primary unknowns. The 
saturations and capillary pressures are the secondary 
unknowns to be obtained from capillary-saturation-
temperature relations. The nonlinear system of 
equations in the finite element model is solved using a 
direct solver with iterations employed within each time-
step to check the stability. The model is then applied to 
the problem of an inclined wellbore in a fractured porous 
medium saturated with oil and gas and a temperature 
gradient between the drilling and formation fluids. A 
parametric analysis is carried out to identify influential 
parameters governing the spatial and temporal 
distributions of pore pressure, stresses, and temperature 
in the vicinity of the wellbore. 
 
Mathematical Formulation 
 The governing equations for non-isothermal two-
phase flow in a fractured rock formation will be 
described. A detailed description of the dual-porosity 
model illustrating the separate and overlapping approach 
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has been provided.3-6 The mass conservation equations 
for the solid and, oil and gas components are: 
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The Darcy velocities for both fluid phases are: 
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In view of the limited compositional model, the mass 
fractions of the two components in the two phases are: 
 

( )
( ) ( )

( ) ( )
( )

( )

( ) ( )

( )
( ) ( )

( ) ( )
( )

( )

( ) ( )ηη

η
η

ηη

ηη
η

ηη

η
η

ηη

ηη
η

ρ

ρ

ρ

ρ

ρ
ρ

ρ
ρ

gg

gs
Go

oo

sgs
Go

oo

os
Oo

gg

vos
Og

B
w

B

R
w

B
w

B
R

w

==

==

;

;

…………………….(4) 

 

The equilibrium (momentum conservation) equation for a 
dual-porosity medium saturated with oil and gas under 
non-isothermal conditions may be written as: 
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Also, the energy balance equation may be written as: 
 

( )
( )
( )
( )
( )
( )

( )
( )
( )

( ) 031

.

1

.

1

1

=
∂

∂
−−

+∇



















−−

++

++

∇

−∇



















−−

++

++

+
∂
∂



















−−

++

++

t
TK

TSS

SS

T

C

Cvv

Cvv

t
T

C

CSS

CSS

kkIII

s
III

g
II
o

III
o

I

g
II
g

III
g

I

vss
III

vo
II
o

II
o

I
o

I
o

vg
II
g

II
g

I
g

I
g

vss
III

vo
II
o

II
o

III
o

I
o

I

vg
II
g

II
g

III
g

I
g

I

ε
βφφ

λφφ

λφφ

λφφ

ρφφ

ρρ

ρρ

ρφφ

ρφρφ

ρφρφ

…………………(6) 

 
The finite element spatial discretization of equations 1-6 
was carried out using the Galerkin’s method with the 
nodal displacements, oil and gas pressures and 
temperatures as the primary unknowns. The final finite 
element governing equations are: 
 
Solid Equilibrium: 
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Oil Component: 
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Gas Component: 
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Energy Balance: 
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The temporal discretization is carried out using a finite 
difference scheme and the values of u, Po

(η), Pg
(η) and T 

at different times are obtained using a direct solver with 
convergence checking within each time-step.3,6 
 
Application to Inclined Wellbore Geometry 
 A parametric study of an inclined wellbore is carried 
out in order to study the effect of phase saturations and 
dual-porosity parameters for the following cases: (a) 
single-porosity, two-phase and (b) dual-porosity, two-
phase. 
 
Single-Porosity, Two -Phase Modeling 
 Figs. 1 and 2 show the spatial variations of the oil 
pressure and effective radial stress for different initial oil 
saturations. The input parameters are listed in Table 1.  
The relations between (a) relative permeability and 
saturation, (b) capillary pressure and saturation,  (c) 
formation volume factors and pressure, temperature,  
and (d) oil, gas viscosities and temperature, pressure 
are based on data from literature.7-9  
 The peak in the oil pressure curve (Fig. 1) in the 
vicinity of the borehole decreases for a lower value of 
initial oil saturation (Soi = 0.5). Correspondingly, the 
effective radial and tangential stresses (shown in Figs. 2 
and 3) become more compressive for a lower value of 
initial oil saturation. Due to the low porosity, low heat 
capacity of gas and lower thermal conductivities of the 
oil and gas compared to the solid constituent, the initial 
oil saturation does not affect the temperature distribution 
as seen in Fig. 4. This may also be attributed to the fact 
that the thermal diffusivity of the porous medium as a 
whole (~1.6 x 10-6m2/s) is higher than the fluid diffusivity 
(~1.7 x 10-7m2/s). Hence in this case, heat transport by 
convection is negligible. 
 
Dual-Porosity, Two-Phase Modeling 
 The following fracture characteristics were associated 
with the secondary medium: stiffness (Kn) and fracture 
spacing (s) (governing the compliance of the secondary 
medium); secondary porosity (φII) (representing the 
storativity of the fractures); and, secondary permeability 
(kII). The formation was assumed to be a dual-porosity 
medium saturated with oil and gas. The material 
properties of the primary medium are as in Table 1 
whereas the secondary medium parameters are listed in 
Table 2. 
 A smaller fracture spacing, increases the overall 
compliance of the dual-porosity medium thereby 
resulting in a higher initial oil pressure in the primary 
medium. This may be observed in Fig. 5, wherein the 
peak of the oil pressure curve in the primary medium (in 
the vicinity of the borehole) is highest for a fracture 

spacing of 0.1 m. This results in tensile effective radial 
stresses around the borehole, the magnitude of which 
reduces with an increase in fracture spacing as seen in 
figure 6. Also, the tangential stresses for a smaller 
fracture spacing are less compressive (as seen in Fig.  
7). The temperature distribution on the other hand, is 
likely to be unaffected by the secondary medium 
parameters. The porosity of the secondary medium 
affects the rate of change in temperature and heat 
transport by conduction whereas,  the fluid diffusivity of 
the secondary medium affects heat transport by 
convection. Due to the low fluid diffusivity and storage 
capacity of the secondary medium (see Table 2), the 
secondary medium parameters do not affect the 
temperature distribution (as seen in Fig. 8). 
 
Conclusions 
 A dual-porosity model incorporating fully coupled non-
isothermal flow of oil and gas has been developed based 
on the “separate'' and “overlapping'' technique. The 
model accounts for the solubility of gas in the oil as well  
as evaporation of oil into the gas phase. The results 
show that the pore pressure and effective stress 
distributions in the vicinity of the borehole at short times 
are affected by the initial oil saturation. In the case of 
fractured formations, the compliance of the secondary 
medium governed by the fracture density affects the 
pore pressure and effective stress distributions. For a 
medium with low fluid diffusivities, the initial oil saturation 
and secondary medium parameters do not affect the 
temperature distributions. 

 
Acknowledgments 

This work is supported by the Rock Mechanics 
Research Center at The University of Oklahoma and the 
Oklahoma Center for Advancement in Science and 
Technology and industrial consortium 
 
Nomenclature 
Subscripts and Superscripts: 
(η ) = I,II    : I – Primary medium (matrix); II – Secondary  
      medium (fractures) 
π = o,g      : Oil, gas phase 
∏ = O, G  : Oil, gas component 
o, g          : Oil, gas phase 
s              : Solid 
I,j,k,l,m,n : Indices as per Einstein’s convention 
Vectors and Tensors: 
C(η)

ijkl     : Compliance tensors 
DI,II

ijkl     : Elasticity tensor 
Fj          : Body forces 
Uπ

i        : Intrinsic velocity of phase π  
us

i        : Solid velocities 
vs

i        : Darcy velocities 
δij        : Kronecker delta 
εij        : Total body strain 
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Material Parameters: 
Bπ       :  Formation volume factors for phase π  
Cvπ     :  Specific heat of phase π 
Rs      :  Gas-solubility ratio 
Rv      :  Oil-volatility ratio 
α       :  Equivalent Biot’s effective stress parameter 
λπ      :  Coefficient of thermal conductivity of phase π 
ρπ      :  Density of phase π under reservoir conditions 
ρπs     :  Density of phase π under standard conditions 
µπ      :  Viscosity of phase π 
φ       :  Porosity 
Variables: 
Pπ     :   Pressure of phase π 
Pc     :  Capillary pressure 
Sπ     :   Saturation of phase π 
T      :    Temperature 
t       :    time 
w∏π  :   Mass fraction of component ∏ in phase π 
xi     :   Cartesian coordinates 
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Table 1-Parameters for Single-Porosity, Two-Phase Model 

Parameter Units Value 
Elastic Modulus (E) MPa 3.55 
Poisson’s Ratio (ν) - 0.2 
Porosity (φ) - 0.1 
Permeability (k) m2 10-18 
Grain bulk modulus (Ks) GPa 100 
Thermal Expansion 
Coefficient (β) 

/0C 1.8x10-5 

Solid heat capacity (Cvs) J/kg/0C 582 
Oil heat capacity (Cv o) J/kg/0C 2093 
Gas heat capacity (Cv g) J/kg/0C 1000 
Thermal conductivity of 
solid (λs) 

W/m/0C 2.65 

Thermal conductivity of oil 
(λo) 

W/m/0C 1.3 

Thermal conductivity of gas 
(λg) 

W/m/0C 0.3 

Mudweight MPa 12 
Temperature of drilling fluid 0C 50 

Table 2-Parameters for Dual -Porosity Model 

Parameter Units Value 
Fracture Permeability 
(kII) 

m2 10-17 

Fracture stiffness (Kn) GPa/m 20 
Fracture spacing (s) M 0.1, 0.25, 0.5 
Fracture porosity (φII) - 0.02 
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 Fig. 1-Oil pressure distribution for different 
 initial oil saturations (single-porosity, two-phase; 
 Soi – initial oil saturations). 
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 Fig. 2-Effective radial stress distribution for 
 different initial oil saturations (single-porosity, 
 two-phase; Soi – initial oil saturations). 
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 Fig. 3-Effective  tangential stress distribution 
 for different initial oil saturations (single-porosity, 
 two-phase; Soi – initial oil saturations). 
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 Fig. 4-Temperature distribution for different 
 initial oil saturations (single-porosity, two-phase; 
 Soi – initial oil saturations). 
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 Fig. 5-Primary medium (Matrix) oil pressure 
 distribution for different fracture spacings and 
 initial oil saturation Soi = 0.5 (dual-porosity, two-
 phase;  s – fracture spacing). 
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 Fig. 6-Effective radial stress distribution for 
 different fracture spacings and initial oil 
 saturation Soi = 0.5 (dual -porosity, two-phase;  s – 
 fracture spacing). 
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 Fig. 7-Effective tangential stress distribution 
 for different fracture spacings and initial oil 
 saturation Soi = 0.5 (dual -porosity, two-phase;  s – 
 fracture spacing). 
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     Fig. 8-Temperature distribution for different 
 fracture spacings and initial oil saturation Soi = 0.5 
 (dual-porosity, two-phase;  s – fracture spacing). 
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where, 
Ω = O, G when π = o, g respectively; mT = [1 1 1 0 0 0] 


